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ABSTRACT
If binaries consisting of two ∼ 100M⊙ black holes exist they would serve as extraordinarily powerful
gravitational-wave sources, detectable to redshifts of z ∼ 2 with the advanced LIGO/Virgo ground-
based detectors. Large uncertainties about the evolution of massive stars preclude definitive rate
predictions for mergers of these massive black holes. We show that rates as high as hundreds of
detections per year, or as low as no detections whatsoever, are both possible. It was thought that the
only way to produce these massive binaries was via dynamical interactions in dense stellar systems.
This view has been challenged by the recent discovery of several & 150 M⊙ stars in the R136 region
of the Large Magellanic Cloud. Current models predict that when stars of this mass leave the main
sequence, their expansion is insufficient to allow common envelope evolution to efficiently reduce the
orbital separation. The resulting black-hole–black-hole binary remains too wide to be able to coalesce
within a Hubble time. If this assessment is correct, isolated very massive binaries do not evolve
to be gravitational-wave sources. However, other formation channels exist. For example, the high
multiplicity of massive stars, and their common formation in relatively dense stellar associations, opens
up dynamical channels for massive black hole mergers (e.g., via Kozai cycles or repeated binary-single
interactions). We identify key physical factors that shape the population of very massive black-hole–
black-hole binaries. Advanced gravitational-wave detectors will provide important constraints on the
formation and evolution of very massive stars.
Subject headings: black-hole physics — gravitational waves — (stars:) binaries: general — stars:
early-type
1. INTRODUCTION
In the early universe massive (M & 100M⊙) black
holes (BHs) are believed to form from the collapse of
massive stars (Fryer et al. 2001a), and these BHs may
be the seeds of the supermassive BHs at the nuclei of
galaxies (Madau & Rees 2001; Whalen & Fryer 2012).
These massive BHs have also been invoked to explain
ultraluminous X-ray sources (so termed because they
emit at 10–100 times the Eddington rate for a 10M⊙
BH) in the nearby universe (Colbert & Mushotzky 1999;
Miller & Colbert 2004). Until recently, both observa-
tions of stellar clusters, e.g., Figer (2005) (although
see also Massey (2003)), and some theoretical argu-
ments (McKee & Ostriker 2007) have suggested that
stars above 150M⊙ do not form at non-zero metallic-
ities. Including the effects of mass loss from winds,
even at 1/10th solar metallicity, this assumption pro-
duces masses of BH systems in the nearby universe in
the tens of solar masses (Belczynski et al. 2010a).
However, the discovery of several stars with current
masses greater than 150M⊙ and initial masses up to
∼ 300 M⊙ in the R136 region of the Large Magellanic
Cloud (Crowther et al. 2010) requires a rethinking of
this argument. There are at least some environments
in which stellar masses can apparently extend well be-
yond 150M⊙, and if these stars do not have extremely
large wind loss rates, then after their cores collapse they
may leave behind BHs with masses in excess of 100M⊙.
It has been suggested that stars with initial masses be-
tween roughly 150 M⊙ and 300 M⊙ at low to moderate
metallicities explode due to an instability produced when
the core gets so hot that it produces electron/positron
pairs, resulting in a loss of energy which reduces the
pressure and causes the core to contract. As this hap-
pens the nuclear burning accelerates and can disrupt
the star entirely if the star is unable to stabilize it-
self. If some fraction of superluminous supernovae are
in fact pair-instability supernovae (Woosley et al. 2007;
Gal-Yam et al. 2009; Cooke et al. 2012; Ofek et al. 2014)
(see, however, Nicholl 2013), then at least at metallicities
around ∼ 0.1Z⊙ (where Z⊙ = 0.014) massive stars above
150 M⊙ exist.
Gravitational waves (GWs) can potentially provide ad-
2ditional evidence for the formation and evolution of these
massive stars. Massive stars are usually found in bina-
ries or multiple systems (e.g., Kobulnicky & Fryer 2007;
Kiminki & Kobulnicky 2012a; Sana et al. 2012, 2013a)
with mass ratios that are flat (Sana et al. 2013b). In-
deed, the most massive known binary has an estimated
total mass of 200–300M⊙ and a possible initial mass
of ∼ 400M⊙ (Sana et al. 2013b). Thus massive BHs
formed from the evolution of these massive stars are
likely to be partnered with comparably massive BHs.
If very massive stars (VMS) with initial masses above
150M⊙ also follow these trends, these stars may produce
massive BH binaries, some of which may merge. Keeping
the binary’s mass ratio fixed, the total energy emitted in
GWs is proportional to the binary’s total mass, so coa-
lescing massive BH binaries can be detected much farther
than stellar-mass BH binaries. Thus, they could be very
significant sources for advanced GW detectors.
In this paper, we explore in detail the evolution of bi-
naries with initial (zero-age main sequence) component
masses above 150M⊙ and the formation of very mas-
sive BH-BH binaries; the fate of binaries with initial
component masses up to 150M⊙ was explored elsewhere
(Dominik et al. 2012). The formation of merging, mas-
sive BH binaries depends sensitively on a range of issues
in stellar evolution — for example the evolution of the
core, the expansion in the giant phase, and the details
of the pair-instability supernovae. We discuss how these
uncertainties lead to a wide range of predictions for the
merger rates for these systems. Even an approximate
measurement of the merger rates will place insightful
constraints on these stellar processes. We discuss these
uncertainties in detail, calculating the full range of rate
predictions for advanced LIGO/Virgo.
In Section 2 we discuss the physical processes and un-
certainties involved in the evolution of very massive bina-
ries. In Section 3 we provide a range of predictions for the
rates of formation and merger of massive binary stellar-
mass BHs, based on different assumptions with different
codes. In Section 4 we consider dynamical effects, par-
ticularly Kozai cycles and three-body interactions, and
find that even if most or all massive BH binaries are too
widely separated to merge on their own within a Hubble
time, many will be induced to merge by interactions with
other objects. In Section 5 we map these coalescence rate
predictions for massive binaries to predictions for detec-
tion rates in future GW observatories. We emphasize
the importance of the merger and ringdown phases of
the gravitational waveform and cosmological effects, due
to the high masses of the BHs and the significant redshift
out to which they can be observed. Our discussion and
conclusions are in Section 6.
2. BH-BH BINARY FORMATION PHYSICS
In this section we outline and discuss the basic evo-
lutionary processes that are involved in the formation
of close (with coalescence times below the Hubble time)
BH-BH binaries from very massive stars. Three major
sources of uncertainty are involved:
1. Common envelope evolution: During this stage one
of the stars in the binary expands such that its
envelope surrounds both stars. In order to ulti-
mately lead to a compact binary, the drag on the
binary due to the envelope must shrink the semi-
major axis, but must eject the envelope before the
cores merge. There are many uncertainties about
the efficiency with which this happens, as well as
about the conditions necessary for common enve-
lope evolution as opposed to stable mass transfer
via Roche lobe overflow.
2. Stellar radius expansion: In order for the common
envelope phase to be effective, it is necessary that
the stars in the binary expand significantly when
they go off the main sequence, because otherwise
the stars would have had to be nearly in contact
and would thus have likely merged due to tidal ef-
fects. However, current codes suggest the emer-
gence of new effects for very massive stars (such as
convection that encompasses nearly the entire star)
that may suppress such expansion. These effects
appear to have complex dependencies on metallic-
ity, rotation, and possibly even the code used to do
the analysis.
3. Black-hole formation: Massive stars (with initial
mass . 150 M⊙) form an iron core and undergo
core collapse at the end of their evolution, thereby
forming BHs. Very massive stars (. 300 M⊙)
are potentially unstable to pair creation well be-
fore iron core formation. The subsequent pair-
instability supernova may disrupt the entire star
and thus prevent BH formation. For even more
massive stars pair creation cannot overcome the
gravity of the collapsing star, and it is expected
that the entire star will end up forming a BH.
The transition from one regime to another depends
on the internal temperature structure of a star
and is very sensitive to assumptions in the stellar
evolutionary codes. Additionally, there is signifi-
cant uncertainty about the BH mass (whether it
forms from a supernova explosion with its associ-
ated mass ejection, or whether the BH forms from
the collapse of the entire star). Lastly, it is pos-
sible that the resulting BH receives a significant
natal kick, disrupting the binary and eliminating
massive BH-BH systems.
We now discuss each of these issues in greater depth.
2.1. Common envelope
The formation of a close binary of two BHs from the
initially wide binary of two massive stars, which are large
objects with Zero Age Main Sequence (ZAMS) radii in
excess of 10–30 R⊙ (e.g., Hurley et al. 2000), requires a
process that leads to significant and fast orbital decay.
In isolated evolution, where there is no dynamical inter-
action with other stars, a common envelope (CE) phase
in which the expanding envelope of a post-main-sequence
star engulfs the entire binary system is the only available
process for sufficient orbital decay. For a recent com-
prehensive review of the physics of CEs and the many
remaining uncertainties see (Ivanova et al. 2013).
To motivate this process in more detail, we recall that a
star undergoes a series of burning phases, where the core
contracts and heats up sufficiently such that the ashes
of the previous phase are ignited and burn. Concurrent
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with these phases the envelope can also undergo phases of
expansion. When the envelope reaches the companion,
the friction of the companion orbiting in the envelope
transfers orbital energy into the envelope. As a result,
the envelope may eventually become unbound, leaving a
binary system composed of the primary hot core and its
mostly unaffected companion. A large orbital contrac-
tion (factors of & 10–100) is expected for envelopes with
mass & 10% of the core mass (& 10–100 M⊙ for mas-
sive BHs). For binaries of two massive stars this process
may occur twice, as first the primary and then the sec-
ondary undergo evolutionary expansion. This picture is
generally accepted but, as we now describe, the details
of the CE phase are both highly uncertain and extremely
important for predicting the properties of any resulting
stellar-mass BH binaries.
First, when the more massive star comes into contact
with its Roche lobe, the binary is very likely eccentric and
the individual stars are unlikely to have spins that are
synchronized with the orbital motion because the evolu-
tion of massive stars is very rapid compared to the tidal
timescale. Mass transfer therefore occurs during peri-
astron passage. Whether such intermittent mass trans-
fer continues, or whether it leads rapidly to circulariza-
tion/synchronization is not known. This translates into
a highly uncertain initial separation at the onset of the
CE phase.
Second, it is not fully understood which binary config-
urations lead to a CE (i.e., mass transfer proceeding on
a dynamical timescale) and which lead to stable Roche
lobe overflow (RLOF, i.e., mass transfer proceeding on
the donor’s nuclear or thermal timescale). A standard
argument begins by noting that the angular momentum
of a circular binary with a semimajor axis a, total mass
M , and reduced mass µ is µ
√
GMa. In conservative mass
transfer, M = const. Transfer from the more to the less
massive star increases µ, whereas transfer from the less
to the more massive star decreases µ. Angular momen-
tum conservation thus implies that mass transfer from
the more to the less massive object shrinks the binary.
This is often used to argue that such transfer is unstable
(compared to the stable mass transfer from the less to
the more massive star).
The real situation is more complicated, particularly
for very massive binaries. Mass and angular momentum
can be lost from the system via winds, in some cases
mass loss can shrink stars faster than the orbital sep-
aration shrinks, and it is in particular uncertain what
happens for stars with radiative envelopes in large mass
ratio binaries. Typically it is estimated that for mass
ratios q . 1/3–1/2 (where q is the ratio of the mass
of the companion to the mass of the donor) and for
donors with deep convective envelopes, RLOF will de-
velop into CE. Both outcomes, CE and stable RLOF,
are adopted in the literature (e.g., Hjellming & Webbink
1987; Tauris & Savonije 1999; Wellstein et al. 2001;
Ivanova et al. 2003; Dewi & Pols 2003; Belczynski et al.
2008; Mennekens & Vanbeveren 2013).
Third, there is no self-consistent physical model to cal-
culate reliably the post-CE orbital separation, which as
we explained above is crucial to whether a system merges
into one object or leads to a compact object binary, and
whether such a binary can merge within the age of the
universe. There are two existing approaches. One uses an
energy balance prescription which unfortunately does not
conserve the angular momentum of the system (Webbink
1984). The other uses an angular momentum balance
prescription which unfortunately does not conserve en-
ergy (Nelemans & Tout 2005). The two methods may
differ by as much as an order of magnitude in their pre-
dictions for post-CE orbital separation. Each method has
had success in reproducing the orbital periods of separate
groups of post-CE white dwarf binaries. It is not known
which method (if either) is a reasonable approximation
for very massive binaries with BHs.
Fourth, the donor envelope binding energy directly af-
fects the fate of the binary after the CE phase, because as
we describe above the envelope must be ejected to leave
the core. If the binding energy is too large, the compo-
nents will merge. If the binary survives, the final separa-
tion depends on the value of the binding energy. There
is, however, ambiguity in the definition of the envelope
binding energy because it is difficult to precisely define
the core-envelope boundary. Different choices in the lit-
erature (e.g., Tauris & Dewi 2001; Podsiadlowski et al.
2003; Voss & Tauris 2003; Xu & Li 2010; Loveridge et al.
2011) include a specific level of H-depletion, an entropy
jump, or the position of the H-burning shell. Given that
most of the mass and binding energy of the envelope are
from the part of the envelope near the core, these choices
may influence common envelope calculations. It has been
suggested that double compact object merger rates may
be affected by as much as an order of magnitude (Tauris,
private communication 2012), while recently it was ar-
gued that the specific choice for the core-envelope bound-
ary does not play a significant role for massive stars
(i.e., black hole progenitors with Mzams ≈ 70− 100 M⊙;
Wong et al. 2013). If the internal energy of the envelope
is significant, this could make ejection easier. Similarly,
if there are nuclear burning shells in the envelope they
could affect the ejection process, although the sign of this
effect is unclear. Finally, even for a given envelope bind-
ing energy the ejection process will be affected by the
fraction of the dissipated orbital energy which goes into
the ionization and dissociation of atoms and molecules
in the envelope rather than into bulk kinetic energy.
Fifth, for many massive stars the most significant ra-
dial expansion occurs right after the main sequence, as
the rapid core adjustment after the end of core hydrogen
burning causes the star to rapidly cross the Hertzsprung
gap (HG). Hence it is expected that many massive bina-
ries will initiate the CE phase during the HG. However,
it is not clear whether at this point the stars already have
a well developed core-envelope structure. Some models
indicate that the entropy profile is rather flat throughout
the HG (i.e., it has similar structure to a main sequence
star), which means that once the CE begins it will always
end in a merger of both components. Other models sug-
gest that if the core of the donor is exposed during this
evolutionary phase (i.e., by the inspiraling companion),
it may remain at its compact size and thus there is the
potential for CE survival.
2.2. Stellar radius evolution
For a common envelope to develop, the radius of at
least one of the stars must increase more rapidly than
the Roche lobe radius. Because the Roche lobe radius is
4RRL ∼ (m/M)1/3a, where m is the mass of the donor,
M is the mass of the binary, and a is the binary separa-
tion, this requirement is approximately equivalent to the
requirement that the fractional expansion of the radius
of one of the stars must exceed the fractional increase
in the binary separation. Very massive stars at non-zero
metallicity (e.g., Population I stars with heavy element
fractions Z = 0.002, such as those in the Small Magel-
lanic Cloud) may lose half or more of their mass to stellar
winds during the main sequence (e.g., Yusof et al. 2013).
If mass is removed from a circular binary without chang-
ing the specific angular momentum
√
GMa, the binary’s
separation would double when half of the mass is lost.
Thus the binary separation can increase by a factor of
∼ 2 on the main sequence, and therefore to initiate a CE
phase one of the binary components needs to expand by
more than a factor of 2.
However, as indicated above, if there is a CE phase
during the main sequence then the shallow entropy gra-
dient leads to full inspiral and merger. Survival of
the CE phase requires that it be initiated beyond the
main sequence, when the core-envelope structure is well-
developed and thus the envelope can be ejected while the
core is unaffected. The radius evolution of a very mas-
sive star is therefore critical to the fate of very massive
binaries, but this evolution is currently uncertain because
it depends, rather sensitively, on the treatment of con-
vection, stellar winds, and rotational mixing in stellar
models.
For example, models of 500 M⊙ stars done with the
Geneva code (Yusof et al. 2013) show no radial expansion
beyond the main sequence for metallicities Z = 0.014
(solar) and Z = 0.006, and only a mild expansion for
Z = 0.002 (from ∼ 50 R⊙ at the middle of the main
sequence to ∼ 110 R⊙ after hydrogen core exhaustion).
Given that, as indicated above, the orbit can expand by
up to ∼ 30% during this time, it is difficult for a binary to
enter the CE phase and thus to produce a close massive
BH-BH binary.
This expected behavior is qualitatively distinct from
that of stars below ∼ 100 M⊙, which are believed to
expand significantly after the main sequence. The dif-
ference for very massive stars is that they are thought
to have large convective cores (up to 90% of the stel-
lar mass at the ZAMS for a star with an initial mass of
200 M⊙, and up to 95% of the stellar mass for a star with
an initial mass of 500 M⊙; see Yusof et al. 2013). These
cores stem from the large radiation pressure at such high
masses, and mean that fresh hydrogen is constantly being
brought to the center and helium is mixed to the pho-
tosphere. In the models this leads to strong Wolf-Rayet
winds that can remove almost all of the hydrogen from
the envelope, resulting in highly helium-rich stars that
experience little expansion.
The treatment of mixing induced by convection and
rotation, along with the adopted wind mass loss rates,
are the crucial factors in modeling the radial expan-
sion of very massive stars. However both prescrip-
tions are quite uncertain. Typical treatments are mostly
based on theoretical estimates that are only weakly con-
strained by observations (especially in the case of rare
very massive stars). Therefore, large uncertainties ex-
ist in the resulting radius evolution, leading to outcomes
anywhere between two extremes: (a) no/small radial ex-
pansion, no/small envelope mass after the main sequence
(Yusof et al. 2013), (b) significant radial expansion, large
envelope mass after the main sequence. Latter results
were obtained using MESA calculations of very massive
stars, where a decisive effect in the radial extension of
the radiation-dominated regions of very massive stars is
envelope inflation (see, e.g., Kato 1985; Ishii et al. 1999;
Petrovic et al. 2006; Gra¨fener et al. 2012).
In stellar evolution calculations crude approximations
are made in order to deal with the energy transport in
these complex layers which largely affect the final radii
of the stars (Paxton et al. 2013). For example, in the
outer layers of the envelope the temperature decreases to
few ×105K and iron recombines, leading to a large opac-
ity (see e.g., Cantiello et al. 2009). As a result, in these
layers the stellar luminosity is much larger than the Ed-
dington luminosity, which might seem to imply that con-
vection will dominate energy transport. However, due to
the very low density in the envelope, convection is very
inefficient (superadiabatic) and cannot transport all of
the energy, leaving some of it “trapped” in the envelope.
A possible (but not unique) solution is that these layers
expand, which changes the opacity profile and allows the
trapped energy to escape. This leads to an inflation of
the stellar radius and the formation of a density inver-
sion (e.g., Petrovic et al. 2006; Gra¨fener et al. 2012). We
note that in some codes this inflation does not occur be-
cause, for numerical reasons, convection is assumed to be
able to transport the entire energy flux (see e.g., Maeder
1987; Paxton et al. 2013). This effect is shown in Fig. 1
where the photospheric radius evolution during the main
sequence of a 500 M⊙ at Z = 0.002 is calculated using
two different assumptions for the efficiency of convective
energy transport. These models have been calculated us-
ing MESA with the usual mixing length theory (MLT)
or assuming an enhancement of the convective energy
transport (MLT++, see Sec. 7.2 in Paxton et al. 2013).
These models are non-rotating and assume the mass loss
recipe of Glebbeek et al. (2009). The result shown by the
solid line is in good agreement with a similar calculation
using the GENEVA code (Yusof et al. 2013).
It is estimated (Petrovic et al. 2006; Gra¨fener et al.
2012) that the mass contained in the shells that would
be affected by this inflation is rather small: 10−9 M⊙ for
Wolf-Rayet stars and 10−2 M⊙ for luminous blue vari-
able stars. However, the inflation can extend the radius
of a star by a factor of a few. This in turn may lead
to the onset of a CE phase for very massive binaries
on relatively close orbits. Once the CE phase is initi-
ated we require a significant envelope mass (in excess of
10 M⊙) to efficiently decrease the orbital separation and
form a close BH-BH system. For example, if we start
with a massive binary (400 M⊙ + 200 M⊙) in an orbit
with a = 340 R⊙, the orbital separation will decrease
to 290, 120, 14 R⊙ for envelope masses of 1, 10, 100 M⊙,
respectively. Here we have applied the most effective
orbital contraction (by assuming energy balance) with
fully efficient transfer of orbital energy to the envelope
(αCE = 1.0) and with large envelope binding energy
(λ = 0.1).
Therefore it appears that very massive stars at low
metallicity may or may not have massive H-rich en-
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Fig. 1.— Evolution of the photospheric radius as function of hy-
drogen core mass fraction (XC) for MESA calculations of a 500 M⊙
model at Z = 0.002. The dashed line shows a model where the
convective energy transport is calculated according to the mixing
length theory (MLT). The radial expansion is substantial and is
associated with a density inversion in the stellar envelope. In this
situation very short timesteps pose problems for the code and the
model could not be evolved past XC ≃ 0.18. The solid line shows
the same calculation assuming an enhancement in the efficiency of
convective energy transport (MLT++). In this case no envelope
inflation occurs and the code can evolve the star to the end of the
main sequence.
velopes (due to the uncertainties in the treatment of in-
ternal mixing and wind mass loss rates) and that these
envelopes may or may not expand significantly after the
main sequence (due to the uncertainties in the model-
ing of radiation-dominated stellar envelopes). To assess
the influence of these uncertainties on our predictions
we consider two extremes in Section 3. For the first we
employ evolutionary models for very massive stars that
show both significant expansion and large envelope mass
beyond the main sequence. For the second we assume
that very massive stars do not expand at all and there-
fore have no interactions in isolated (e.g., field stellar
populations) binary evolution.
2.3. Black-hole formation
For stars above 100M⊙ the mass of the star at the point
of core collapse generally determines the remnant mass.
If the Carbon/Oxygen (CO) core mass is above∼ 7.6M⊙
(see, e.g., Section 2.3 of Belczynski et al. 2010a), it is
likely that the core will collapse to a BH without pro-
ducing a supernova explosion, so the mass of the com-
pact remnant is simply the mass of the star at collapse.
However, if the core has sufficient angular momentum,
a disk can form around the newly formed BH with the
potential to produce a gamma-ray burst (Woosley 1993;
MacFadyen & Woosley 1999). In a series of 250M⊙ star
simulations, assuming efficient internal angular momen-
tum transport from magnetic torques, Woosley & Heger
(2012) found that even without mass loss (and the re-
sulting angular momentum loss), only the outer layers
(containing ∼ 16M⊙) of these stars have sufficient angu-
lar momentum to produce a disk and drive an outflow.
Any such outflow will have a small effect (< 5–10%) on
the final BH mass. Overall our uncertainty about the
mass loss from stellar winds dominates the uncertainties
in mass estimates of the star at collapse and therefore of
its compact remnant.
Very massive stars can produce massive helium cores
(above 45 M⊙) that, after helium burning, can un-
dergo an instability where pair-production reduces the
pressure in the core, allowing it to collapse. Com-
pressional heating in the collapse causes the CO and
Si cores to reach much higher temperatures than oc-
curs in normal core burning, and the resulting burn-
ing phase can be so explosive that, in the most ex-
treme cases, there is no remnant. These are the hy-
pothesized pair-instability supernova (Barkat et al. 1967;
Bond et al. 1984; Carr et al. 1984; Glatzel et al. 1985;
Fryer et al. 2001b; Chatzopoulos et al. 2013). For a suf-
ficiently massive core, the center of the star is so hot
that the photodisintegration instability is encountered
before explosive burning reverses the shock, accelerating
the collapse (Bond et al. 1984; Fryer et al. 2001b). These
stars collapse to form large BHs and the mass at which
this photodisintegration instability prevents explosions
marks the upper limit on the pair-instability progenitor
mass. Whether or not the pair instability can disrupt
a star depends upon the conditions in the core, in par-
ticular the helium core mass, which as discussed above
depends on the details of stellar mixing. The lower and
upper initial star mass limits for pair-instability super-
novae are typically thought to be roughly 150 M⊙ and
300 M⊙ (Fryer et al. 2001b), respectively, but these lim-
its are sensitive to the aforementioned uncertainties on
the size of the helium core. To avoid confusion with
the initial mass range dependence on metallicity, the
above limits are typically translated to final CO core
masses of 60, 130 M⊙ (e.g., Yusof et al. 2013) for the
pair-instability mechanism to operate.
Natal kicks during supernovae are another source of
uncertainty in this modeling. It may happen that during
core collapse a natal kick will modify the orbit in such a
way as to increase the eccentricity and/or decrease the
orbital separation. Potentially, a close double BH binary
may form. However, it is very unlikely that such a fa-
vorable kick is encountered, so only a very small fraction
of binaries may be affected by this process. Nonethe-
less, such effects could lead to the formation of massive
BH-BH binaries in some cases. The tremendous reach
of advanced ground-based instruments means that such
coalescences need only happen a few percent of the time
to lead to many detections per year.
Supernova natal kicks may play an additional role
in these massive stars. Without supernova explosions,
kick mechanisms relying on asymmetric mass ejecta
(e.g., Herant et al. 1992; Buras et al. 2003; Blondin et al.
2003) will not work. In the absence of kicks, we ex-
pect the spin axes to be aligned for the resulting bi-
nary BH systems. This is because binary stars (i) may
have been formed with rotation aligned with the or-
bital axis (although see (Albrecht et al. 2014) for exam-
ples of non-aligned binaries), (ii) may have been subject
to strong tidal interactions if on relatively close orbits
(although see (Claret 2007) for a discussion of very in-
efficient radiative damping and tidal torquing for mas-
sive stars) and (iii) mass transfer and/or common enve-
lope episodes may have aligned component rotation with
the orbital angular momentum for close interacting bi-
naries (although see (Sepinsky et al. 2010) for examples
6when mass transfer does not necessarily lead to effec-
tive tidal torquing and circularization/synchronization).
If this is the case, then the alignment of spin axes
could be used to distinguish a binary origin of mas-
sive BH-BH mergers from a dynamical origin. However,
mechanisms invoking asymmetries in the neutrino emis-
sion (e.g., Kusenko & Segre` 1996, 1997; Socrates et al.
2005; Fryer & Kusenko 2006) are able to drive kicks as
long as electron neutrinos are trapped in the collapsed
core. These mechanisms require large magnetic fields
(& 1015G). For massive stars with zero-age main se-
quence masses above 1,000M⊙, the electron neutrino
trapping region is small, but below this mass (which en-
compasses all the systems of interest in this paper), the
trapping region can be large (Fryer & Heger 2011). It
is therefore possible that a neutrino driven kick mecha-
nism may work. Such kicks would alter our population
studies and produce non-aligned spin axes and would re-
duce close BH-BH formation rates. Without a better
quantitative understanding of these kicks, however, it is
difficult to assess their effects.
3. ESTIMATES OF BH-BH MERGER/FORMATION RATES
In this section we give the results from two models that
give a reasonable span of possible rates. In Model 1 we
assume that very massive stars expand significantly and
have massive H-rich envelopes beyond the main sequence.
In this approach we use population synthesis to estimate
the merger rates of massive close BH-BH binaries. In
Model 2 we assume that very massive stars do not ex-
pand significantly beyond the main sequence and we use
simple order-of-magnitude estimates to assess the forma-
tion rates of wide massive BH-BH binaries. In both mod-
els we use an energy balance approach for the CE phase.
We also limit the range of pair-instability supernovae to
stars that form final CO core masses of 60–130 M⊙ and
assume that in this range no BHs are formed. Outside
this range we assume that the entire star collapses to
form a BH (minus the 10% of the mass that we assume
leaves in the form of neutrino emission). Therefore, we
neglect any potential mass loss from collapsar outbursts.
We also assume that these massive stars do not impart
natal kicks during the formation of their BHs. In Sec-
tion 4 we will explore dynamical processes to show that
these may shorten the merger time of these wide BH-BH
binaries below a Hubble time and make them potentially
important for advanced GW detectors.
3.1. Model 1: expanding VMS
3.1.1. Initial Conditions
Recent evidence suggests that very massive stars exist
above 1–10% solar metallicity (where Z⊙ = 0.014), but
little is known yet about their initial conditions in bina-
ries, e.g., their initial mass function, binary fractions, and
orbital separations. We assume that the stellar initial
mass function for the primary massMzams,a has the form
dN/dM ∝ M−α with α = 1.3 for the range 0.08M⊙–
0.5M⊙, α = 2.35 for 0.5M⊙–1M⊙, and α = 2.7 for
M > 1M⊙ (Kroupa et al. 1993; Weidner et al. 2011).
We only consider here very massive stars with 150 <
Mzams,a < 1000 M⊙. We also assume a companion mass
Mzams,b ≤ Mzams,a drawn from a distribution uniform
between 0 and 1 in the mass ratio q ≡ Mzams,b/Mzams,a
(e.g., Sana et al. 2012), a uniform-in-the-log distribution
of orbital separations and a thermal-equilibrium distri-
bution of eccentricities (P (e) = 2e in range e = 0 − 1;
Heggie (1975); Duquennoy & Mayor (1991)). If very
massive stars expanded as much as Mzams < 150M⊙
stars, these distributions would ensure that ∼ 50% of
binaries would experience Roche lobe overflow during
their lifetime, leading to a potential common envelope
and subsequent orbital contraction (Sana et al. 2013a);
however, the lack of significant expansion of very mas-
sive stars may limit such interactions. We only evolve
binaries for whichMzams,b > 150 M⊙ as in this study we
are focused on very massive star evolution and the for-
mation of massive BH-BH binaries. We assume a binary
fraction of 50% (i.e., 2/3 of stars are in binaries). We
also assume that 50% of the stars in the local universe
(within the reach of advanced GW instruments) have so-
lar metallicity and 50% of the local stars have Z = 0.002
(∼ 10% Z⊙).
Some of these assumptions have linear effects on the
predicted rate. For example, changing the number of
massive stars by a factor of two will change the number of
mergers by a factor of two, and changing the close binary
fraction by a factor of two changes the number of mergers
by roughly a factor of two. In contrast, our uncertainties
about stellar evolution and binary interactions have non-
linear effects, and will dominate the errors in our rate
estimates for the foreseeable future.
3.1.2. Population Synthesis Calculations
Binary evolution calculations are treated as described
in full detail by Belczynski et al. (2008) with several re-
cent updates on stellar wind mass loss rates, compact
object mass distribution and CE handling as outlined by
Dominik et al. (2012). In particular, we employ wind
mass loss rates from Vink et al. (2001). We use en-
ergy balance for CE evolution that employs fully efficient
transfer of orbital energy into the CE (i.e., α = 1) with
physical calibration of donor binding energy (Xu & Li
2010). A criterion for the development of CE is based
on donor expansion/contraction in response to mass loss
and the related response of donor Roche lobe due to mass
transfer and orbital angular momentum losses. This ap-
proximately translates into CE development for binaries
with donors significantly (factor of & 2) more massive
than their companions or with donors with deep con-
vective envelopes (e.g., red giants). We apply the rapid
supernova explosion model, which reproduces the mass
gap between neutron stars and BHs, to obtain compact
remnant masses (Belczynski et al. 2012).
The community currently lacks fully accepted mod-
els of very massive stars at high metallicity. In
lieu of such models, we extend the stellar evolution-
ary formulae of Hurley et al. (2000) to calculate the
evolution and fate of stars up to a ZAMS mass of
Mzams = 1, 000 M⊙ using the population synthesis code
StarTrack (Belczynski et al. 2008). We apply a direct
extrapolation with no high-mass specific modifications
to the original Hurley et al. (2000) models. We combine
these formulae with the wind mass loss rates compiled
and calibrated by Belczynski et al. (2010a). This scheme
was originally developed for stars with Mzams . 100–
150 M⊙. These extrapolated VMS models expand sig-
nificantly and form massive H-rich envelopes beyond the
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main sequence, as expected for stars with Mzams . 100–
150 M⊙.
In our solar metallicity models the CO core mass is
approximately 12 M⊙ for a broad range of initial stel-
lar masses, Mzams = 100–500 M⊙ (Fig. 2). At higher
ZAMS masses the CO core mass rises sharply to a max-
imum of ∼ 280 M⊙ for Mzams = 800 M⊙, then decreases
for higher initial star masses. At subsolar metallicity,
the CO core mass is roughly 40 M⊙ for Mzams = 100–
300 M⊙, above which the core mass rises monotonically
to a maximum of 300 M⊙ forMzams = 1, 000 M⊙. As we
indicated in Section 2, the BH mass approximately traces
the CO core mass, and so depends on the initial stellar
mass in the same way that the CO core mass does, for
both solar and subsolar metallicity. However, whereas
the maximum CO core mass is roughly the same for so-
lar and subsolar models, the maximum BH mass is much
greater for subsolar metallicity stars. This is because at
subsolar metallicity the highest mass stars retain their
H-rich envelope, whereas at solar metallicity winds can
efficiently remove the entire envelope.
Our calculation of CO core mass is based on the
combination of extrapolated stellar models presented
by Hurley et al. (2000) and the wind mass loss rates
collected and calibrated by Belczynski et al. (2010a).
Within this framework the initial flatness of the depen-
dence of CO core mass on ZAMS mass is the result of
increasing strength of wind mass loss with ZAMS mass.
Stars below Mzams = 500 M⊙ and Mzams = 300 M⊙ for
solar and subsolar metallicity, respectively, are stripped
of their H-rich envelopes and they become WR stars.
This further increases mass loss. Low metallicity stars
above Mzams = 300 M⊙ have such massive H-rich en-
velopes that they never become WR stars, and their pre-
supernova mass (and therefore CO core mass) increases
monotonically with ZAMS mass. This happens also for
solar metallicity stars aboveMzams = 500 M⊙. However,
at some point, high metallicity stars are subject to wind
mass loss strong enough to remove even very massive H-
rich envelope and they become massiveWR stars. Strong
WR-type wind mass loss leads to the efficient decrease
of star mass. For stars above Mzams = 800 M⊙ the final
CO core mass decreases with initial ZAMS mass.
These results may be compared to the detailed stel-
lar evolutionary models of massive stars published by
Yusof et al. (2012). They found that at solar metallic-
ity the final CO cores have masses 15–20 M⊙ (assuming
no rotation) or around 25–35 M⊙ (with significant rota-
tion), for Mzams = 100–500 M⊙. Our relation for the
same regime is also flat but results in lower CO core
masses (12 M⊙). Their lowest metallicity model, which
has a metallicity of ∼ 10% solar (Z = 0.002; appropri-
ate for the Small Magellanic Cloud), shows a monotonic
increase of final CO core mass from 90 M⊙ to 140 M⊙
in the mass range Mzams = 150–300 M⊙. Our relation
is flatter in that regime and results in lower CO core
masses (40–50 M⊙). In both solar and subsolar metallic-
ity evolution our evolutionary models result in lower CO
core masses than are predicted by Yusof et al. (2012).
Therefore, our estimate of BH mass is conservatively low
compared with the published detailed evolutionary mod-
els (see Fig. 2). We also stress that for the relatively
high metallicities, Z > 0.4 Z⊙, considered by Yusof et al.
(2012), winds drive away the entire H-rich envelope for
Fig. 2.— Final CO core mass (just prior to core collapse and
BH formation) for our evolutionary models of very massive stars.
Here the stars are assumed to be either single or non-interacting
binary components, so this figure is only illustrative and is not
directly relevant for binary evolution leading to the formation of
close BH-BH systems.
TABLE 1
Very Massive Star Model Propertiesa
Phase Mass Radius MCO Comment
M⊙ R⊙ M⊙
start MS 500 50 – Z = 0.014
end MS 48 5 –
end He-burning 26 1 20 BH formation
start MS 500 50 – Z = 0.006
mid MS 100 –
end MS 102 7 –
end He-burning 75 2 65 Pair inst. SN
start MS 500 30 – Z = 0.002
mid MS 50 –
end MS 10 –
post MS 100 –
end He-burning < 65 150 BH formation
a These results are taken (or extrapolated) from the rotat-
ing Yusof et al. (2013) models.
high-mass stars. This is consistent with our findings, but
may not be true for lower metallicity stars.
We can also compare our results to the additional mod-
els in Yusof et al. (2013). Here we will focus on the high-
est mass models in these calculations, with an initial
mass of Mzams = 500 M⊙; somewhat lower-mass stars
(e.g., Mzams = 300M⊙) evolve in qualitatively similar
ways. We will use only their rotating models, as these
are more physical than non-rotating models. Table 1
8shows the results from the calculations in Yusof et al.
(2013). For the solar-metallicity 500 M⊙ star, the mass
of the star is 26 M⊙ at the end of core helium burning,
dropping to 20 M⊙ when the CO core forms. Such a
star will most likely collapse to a BH with mass similar
to the mass of its CO core mass. At about 40% solar
metallicity (Z = 0.006; typical of the Large Magellanic
Cloud), the mass of the star at the end of the main se-
quence is 102 M⊙ and at the end of core helium burning
is 75 M⊙. The star forms a 65 M⊙ CO core and at this
mass it is likely to undergo a pair instability supernova
that completely disrupts the star and does not leave be-
hind a compact object remnant. For 10% of solar metal-
licity, extrapolating the results from Yusof et al. (2013)
suggests that a Mzams = 500 M⊙ star ultimately pro-
duces a CO core mass of 150–170 M⊙. The most likely
fate of such a star is core collapse and the formation of
a BH with a mass of about 150 M⊙. For comparison, a
300 M⊙ model at this metallicity finishes the main se-
quence as a 176 M⊙ star, and ends core helium burning
as a 150 M⊙ star that forms a CO core with a mass of
135 M⊙. This CO core will likely form a BH of similar
mass.
3.1.3. Population Synthesis Results
We find that only low metallicity environments/host
galaxies could contribute significantly to the formation
of close BH-BH systems from very massive stars. This is
qualitatively the same result as obtained for lower mass
stars (Belczynski et al. 2010b). Most of the close very
massive BH-BH systems (75%) merge with short delay
times (tdelay < 1 Gyr).
For subsolar metallicity there are two separate popu-
lations of BH-BH systems. Most of the systems (93%)
form with total mass Mtot = 50–100 M⊙ and average
mass ratio of q = 0.9, while there is a smaller popula-
tion (7%) of BH-BH systems with Mtot = 100–300 M⊙
and average mass ratio of q = 0.8 for subsolar metallic-
ity. The less massive systems originate from stars with
Mzams ≈ 150–500 M⊙, whereas the more massive ones
evolve from stars with Mzams ≈ 500–1000 M⊙. For solar
metallicity, there are virtually no BH-BH systems with
total mass Mtot > 40 M⊙.
We consider only close BH-BH binaries with total
mass Mtot > 100 M⊙, as these binaries provide a clear
signature of VMS existence and evolution. The lower
mass systems may have originated from regular stars
(i.e., Mzams < 150 M⊙). These massive BH-BH systems
would have aligned spins (as no supernova explosion and
hence no natal kick is expected for such massive stars;
Fryer et al. 2012). If core collapse for such massive stars
leads to a stalled shock rather than mass loss in a su-
pernova, the BHs that are formed will include the entire
angular momentum of the pre-collapse progenitor. This
is likely to lead to rapidly spinning BHs. Our major re-
sults discussed above are presented in Figure 3, 4 and
5.
With all of the previously discussed uncertainties, it
is very difficult to produce reliable quantitative results
for BH binaries. However, within the framework of these
extrapolated normal stellar models we find that the com-
mon envelope phase is almost always initiated by a star
when it expands immediately after the main sequence,
i.e., during Hertzsprung gap evolution. If we assume the
Fig. 3.— Total mass of close (merging within a Hubble time) BH-
BH binaries produced in our Model 1 with population synthesis
calculations. Note that the low metallicity environment dominates
BH-BH formation. Also note two distinctive BH-BH subpopula-
tions at low metallicity: one with Mtot < 100 M⊙ and one with
Mtot > 100 M⊙.
Fig. 4.— Close BH-BH binary mass ratio (less massive to more
massive) for our Model 1. Note that mass ratios are rather high and
are typically in range q = 0.7− 1 for the dominant low metallicity
BH-BH population.
binary can survive this common envelope phase and that
pair instability supernovae do not occur for Population
I stars (Z > 0.1 Z⊙, which encompasses all our models),
we find that BH-BH merger rates are 0.5×10−6 yr−1 per
Milky Way equivalent galaxy (MWEG) for BH-BH sys-
tems with total masses larger than 100 M⊙. This corre-
sponds to a merger rate density of 5×10−9 yr−1 Mpc−3.
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Fig. 5.— Delay time distribution of close BH-BH binaries for our
Model 1. Note that the distribution for the dominant low metallic-
ity BH-BH population falls off approximately as t−1
delay
. The delay
time is defined as time elapsed from star formation (ZAMS) to the
final BH-BH coalescence.
This is our most optimistic estimate. If we allow for
pair instability supernovae as discussed in Section 2 then
the rates drop by two orders of magnitude and we find
that the BH-BH merger rate density is 5 × 10−11 yr−1
Mpc−3. This is probably our most realistic model. If we
increase our CO core masses by a factor of two (consis-
tent with Yusof et al. (2013), who find CO cores∼ 1.5−3
times more massive than ours), the rate increases to
3 × 10−9yr−1 Mpc−3. This is because our CO core
masses for close BH-BH systems with Mtot > 100 M⊙
are MCO = 50− 100 M⊙, which is in the pair instability
supernova rangeMCO,pair = 60− 130M⊙. Doubling our
CO core masses therefore moves most of them above the
pair instability range and thus allows many additional
systems to evolve to BH-BH binaries. Finally, if we do
not allow for CE survival with Hertzsprung gap donors
the merger rates drop to zero.
We note that all of our findings in this section are a
direct result of our assumption that very massive stars
of high metallicity behave qualitatively like normal mas-
sive stars. If they do, then the large volume in which
massive BH coalescence could be seen with advanced
LIGO/Virgo suggests that the observed rate could be
many per year. The observation of even one of these
systems would refute the arguments against radial ex-
pansion of very massive stars (Yusof et al. 2013), and
would show that these binaries can survive the CE phase
with Hertzsprung gap donors. These constraints would
provide insight into stellar evolution models. If the rate
is high, we could even place limits on the formation con-
ditions of these massive binaries (e.g., the binary mass
ratio and initial mass function).
3.2. Model 2: non-expanding VMS
In this model we assume that there is no significant
expansion of VMSs. This means that both binary com-
ponents evolve as single stars, and in the end either form
BHs or are disrupted by pair-instability SNe. The initial
orbital separation only expands due to the wind mass
loss. There is no CE phase that could decrease orbital
separation as both binary components are within their
respective Roche lobes. Since we assume no natal kicks
at the formation of the BHs, all binaries with compo-
nents that are not subject to pair-instability SNe should
form wide BH-BH binaries (i.e., with merger times much
longer than the Hubble time). However, as we discuss
in Section 4, dynamical processes may be able to tighten
such binaries so that they do merge within a Hubble time.
Here we present an order-of-magnitude estimate of the
formation rate of these wide BH-BH systems. We will
limit our estimate only to systems with BHs of 100 M⊙
or more1.
We make the same assumptions about the initial mass
function as before, extending it to an upper limit of
103M⊙. The wind-driven mass loss rate for high-mass
stars is extremely uncertain, as is the dependence of
this rate on metallicity. It is therefore unclear what
initial mass is required to leave behind a 100M⊙ BH,
but for an order-of-magnitude estimate we will assume
that Mzams > 500M⊙ is sufficient to form a 100M⊙
BH. For comparison, our extrapolated evolutionary mod-
els produce a 100M⊙ BH for Mzams > 600M⊙ and
Mzams > 400M⊙ for solar and 10% solar metallicity,
respectively. For the initial mass function we have as-
sumed, we find a fraction ≈ 2 × 10−6 of stars will start
with masses above 500M⊙. If, as we assumed previ-
ously, the binary mass ratio distribution is roughly flat,
then ∼half of the stars will have companions at least
half as massive as they are, and thus binary evolution
will presumably produce comparable-mass BHs.
Let us suppose that only some fraction of these binaries
can avoid pair-instability supernova. Following our ear-
lier discussion we assume that stars with final CO core
mass above 130 M⊙ avoid this fate and form massive
BHs. Extrapolation of results presented by Yusof et al.
(2012) (see their Fig. 18) suggests that only stars at
subsolar metallicity can avoid pair instability SNe and
form massive BHs above 100 M⊙. It appears that at
Z = 0.002 (SMC) all stars with Mzams > 500 M⊙ form
these massive BHs, whereas only a small fraction (if any)
of stars with Mzams > 500 M⊙ form massive BHs for
Z = 0.006 (such as for the Large Magellanic Cloud). At
higher metallicities (e.g., for the Milky Way) no massive
BHs are expected. Given that the metallicity distribu-
tion of stars is poorly constrained, we assume that only
10−1 can avoid pair-instability SNe forMzams > 500 M⊙.
The Galaxy has ∼ 2 × 1011 stars, so our collection of
assumptions implies that ∼ 2×104 wide very massive BH
binaries per Milky Way Equivalent Galaxy (MWEG) will
be produced by a stellar binary population. The Galaxy
is ∼ 1010 years old, and the comoving number density of
MWEGs is ∼ 10−2 Mpc−3 (e.g., Kopparapu et al. 2008).
Thus the formation rate density, averaged over cosmic
history, is ∼ 10−8 Mpc−3 yr−1. In Section 5 we discuss
1 Note that in Model 1 we have only considered BH-BH bina-
ries with total mass above 100 M⊙, while the Model 1 total mass
distribution extended to about 300 M⊙.
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how these rates translate into advanced LIGO detection
rates.
We can similarly estimate the formation rate of &
100M⊙ BHs with ∼ 10M⊙ BH companions. These
intermediate-mass-ratio binaries are of significant inter-
est as their inspirals may serve as precise probes of
the spacetime around BHs (Amaro-Seoane et al. 2007;
Brown et al. 2007; Gair et al. 2011; Rodriguez et al.
2012). If we continue to assume that the mass ratio dis-
tribution is flat, then we would expect ∼ 10M⊙ BHs to
be companions to > 100M⊙ BHs in ∼ 10% of systems,
leading to a formation rate of ∼ 10−9Mpc−3 yr−1.
4. DYNAMICAL PROCESSES AFFECTING MASSIVE
BINARIES
As we have discussed, current stellar evolutionary the-
ory suggests that although massive main sequence bina-
ries have a good chance of evolving into massive BH bina-
ries, those binaries seem unlikely to be close enough that,
on their own, they will coalesce within a Hubble time.
However, many or most massive stars are born in stellar
associations with initial number densities of hundreds of
stars or more per cubic parsec. Hence after the formation
of a double BH system there are additional interactions
that can harden the binary. In addition, there is evidence
that massive stars are, in a few to > 10% of cases, in
triple or higher-order systems (e.g., Kiminki et al. 2012;
Kiminki & Kobulnicky 2012b; Ducheˆne & Kraus 2013).
Such systems can potentially undergo Kozai resonance
cycles (Kozai 1962; Lidov 1962) that increase the eccen-
tricity of the massive binary sufficiently so that orbital
energy and angular momentum loss through the emission
of GWs could cause rapid coalescence. In this section we
examine these effects and show that a significant fraction
of initially wide very massive binaries may merge within
a Hubble time, and possibly much sooner.
4.1. Binary-single interactions
Suppose that our massive binary is born into a clus-
ter with a central mass density of ρ ≡ 103ρ3M⊙ pc−3;
note that R136 has a central density of at least 1.5 ×
104M⊙ pc
−3 (Selman & Melnick 2013), and that other
young clusters such as the Arches cluster can be even
denser (Lang et al. 2001). If our massive binary has a
total mass M and a semimajor axis a, and if we assume
that the single objects that encounter the binary have
much lower mass and need to get to within a distance
∼ a of the center of mass of the binary to affect the bi-
nary semimajor axis and eccentricity, then for a relative
speed v∞ at infinity the cross section for the interaction
is
Σ = pia2
(
2GM
av2∞
+ 1
)
. (1)
Stellar associations typically have velocity dispersions of
a few km s−1, so the first term in the parentheses dom-
inates as long as a is less than ∼ 103 AU. For the same
reason, interactions of interloping stars with the binary
will tend to harden the binary and change its eccen-
tricity e, causing it to sample a “thermal” distribution
P (e)de = 2ede (see Heggie 1975 for a pioneering study).
Interaction with interlopers with a total mass approx-
imately 2pi/22 times the binary’s mass will reduce the
semimajor axis by a factor of ∼ 3 (Quinlan 1996). The
time needed to interact with this much mass is
T =
M
ρΣv∞
≈ 6× 108 yr ρ−13
( a
10 AU
)−1( v∞
3 km s−1
)
.
(2)
Note that because Σ ∝ v−2∞ , a smaller velocity dis-
persion implies a more rapid hardening of the binary.
Note also that M does not appear, because the greater
number of interactions required is offset by the larger
gravitationally-focused cross section. If the interlop-
ing objects are sufficiently massive then significant kicks
could be delivered to the binary in the binary-single in-
teractions, but if the binary is much more massive than
typical stars (which we assume to be the case) then the
binary should be able to remain within the stellar clus-
ter. We also note that because massive objects tend to
swap into binaries, initially solitary massive BHs have a
good chance to become members of binaries in a short
time (again, see Heggie 1975 for an early discussion of
this process).
If the binary orbit were forced to remain circular then
its GW inspiral time is (Peters 1964)
TGW(e = 0) = 5a
4c5/(256G3ηM3)
≈ 1.6× 1015 yr ( η0.25)−1 ( M200M⊙
)−3 (
a
10AU
)4
(3)
where η = m1m2/M
2 is the symmetric mass ratio for
objects of masses m1 and m2 and total massM ; we have
normalized η to 0.25, which is its maximum value and
which occurs for equal masses. For a binary of eccen-
tricity e that is reasonably near unity, this time becomes
(Peters 1964)
TGW(e ≈ 1) ≈ (768/425)(1− e2)7/2TGW(e = 0) . (4)
Thus for a binary of two 100M⊙ BHs in a 1AU orbit, an
eccentricity of ≈ 0.895 [0.88 if the full expression from
(Peters 1964) is used rather than the approximation (4)]
is enough to drop the merger time to 1Gyr. If the BH
binary has a = 10AU, the needed eccentricity for a 1Gyr
merger time is ≈ 0.992.
Binary-single interactions will thus drive up the ec-
centricity until the the inspiral time becomes short and
the binary will merge (see Gu¨ltekin et al. 2006 and
Mandel et al. 2008 for similar arguments in the case of
massive BH binaries and intermediate-mass-ratio inspi-
rals, respectively, in globular clusters). As discussed
above, the eccentricity distribution (P (e) = 2e) is sam-
pled roughly uniformly in each interaction in the limit
of three objects of comparable mass. In the limit of a
massive binary and very low-mass interlopers, Quinlan
(1996) showed that three-body interactions increase the
eccentricity of the binary steadily but slowly. For ex-
ample, from Quinlan’s formulae, a 100 M⊙–100 M⊙ bi-
nary with a = 10AU in a cluster of velocity dispersion
σ = 3km s−1 will increase its eccentricity from 0.7 to 0.99
in the time needed to reduce a by 2.4 e-foldings (∼ 1Gyr
for our parameters), and from 0.7 to 0.999 in the time
needed to reduce a by 3.4 e-foldings. Eccentricity fluctu-
ations due to finite-mass interlopers will likely decrease
the time to a given eccentricity. The details depend on
the initial distribution of semimajor axes and eccentrici-
ties, and on the mass density of the cluster and the clus-
ter’s longevity, but it is plausible that in a significant
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fraction of cases where massive BH binaries form from
stellar evolution, they are induced to merge by repeated
dynamical encounters. The tilting of orbits during the
dynamical encounters means that the BH spins will typ-
ically not be aligned with the orbit during merger.
4.2. Triple systems and the Kozai mechanism
Another way that initially widely separated massive
BH binaries might coalesce involves triple systems. Ob-
served massive stars have a probability, possibly greater
than 10%, of being in triple or higher-order systems
(e.g., Kiminki et al. 2012; Kiminki & Kobulnicky 2012b;
Ducheˆne & Kraus 2013). If the relative inclination of
the inner binary and the tertiary is in the appropriate
range, then over many orbits of both the binary and
the tertiary the mutual inclination will oscillate between
two limits in such a way that the eccentricity also os-
cillates (Kozai 1962; Lidov 1962; Lidov & Ziglin 1976).
In the standard Kozai approximation, in which the ter-
tiary has a fixed and effectively infinite angular momen-
tum, the maximum eccentricity reached during a cycle is
(1 − (5/3) cos2 i)1/2, where i is the initial relative incli-
nation. For example, if i = 70◦, the maximum eccentric-
ity is 0.9. If, as is likely in our case, the binary has as
much or more angular momentum as the tertiary, then
the critical mutual inclination deviates from 90◦ (see,
e.g., Lidov & Ziglin 1976; Miller & Hamilton 2002), so
the probability of achieving a high eccentricity assum-
ing random inclinations will be somewhat smaller than
it would be for a critical inclination of 90◦.
The time for a single Kozai cycle (from minimum
to maximum eccentricity and back) is of order ∼
(M/m)(b/a)3 times the orbital time of the binary, where
M is the mass of the binary, m is the mass of the ter-
tiary, b is the semiminor axis of the tertiary, and a is
the semimajor axis of the binary (e.g., Lidov & Ziglin
1976). For a = 10AU, b/a = 10, M = 200M⊙, and
M/m = 100 (reasonable fiducial values), this time is
roughly 2 × 105 yr, which is much less than the time
between close interactions with interloping stars. Thus
systems that are favorably inclined for the Kozai reso-
nance can complete many cycles without being harassed
by interlopers.
General relativistic pericenter precession can limit the
maximum eccentricity during a Kozai cycle. However,
from the expressions in Miller & Hamilton (2002), this
is not a limiting factor in our case. From their equa-
tion (6), the maximum eccentricity that can be attained
for a binary of two 100M⊙ BHs at 1AU orbited by a
10M⊙ object with a semiminor axis of 10AU is 0.99, far
above the e ≈ 0.9 needed for merger within 1Gyr. If the
binary has a semimajor axis of 10AU and the tertiary has
a semiminor axis of 100AU, the maximum eccentricity is
0.9999, compared with the e ≈ 0.99 for a 1Gyr merger.
Note that such an eccentricity can be achieved by ∼ 10%
of systems for an isotropic distribution of initial mutual
inclinations.
Thus, depending on the fraction of triple systems and
the distribution of the masses, inclinations, and separa-
tions of the tertiaries, it is possible that a few percent of
initially wide very massive star binaries (tens of percent
of the ∼ 10% of systems that are triples) are induced
to merge by Kozai cycles. Such mergers would not have
spins aligned with their orbits, because orbital tilting is
produced during the cycles. The studies of Blaes et al.
(2002) suggest that merger will happen near the point
of minimum mutual inclination between the tertiary and
binary, and if this is at a point where the more massive
BH in the binary is reasonably aligned with the orbital
axis and the binary component mass ratio is not more
than ∼ 2 : 1, additional effects during the inspiral could
help to align the axes further (Schnittman 2004).
In summary: in addition to the possibility of merger
through isolated binary evolution (which remains viable
because of uncertainties in massive binary evolution),
there are at least two dynamical scenarios that might
produce mergers of a few percent or more of the massive
BH binaries that are too wide to merge in a Hubble time
through radiation reaction alone. Coalescences through
isolated binary evolution are likely to yield binary BHs
with nearly aligned spins whose magnitude is close to
the astrophysical maximum, if supernova kicks for these
binaries are minimal. Coalescences involving dynamical
processes will probably produce unaligned mergers, but
because the BHs will have formed before the dynamical
interactions the spins may still be close to maximal. Thus
detections will probe a variety of stellar evolutionary and
dynamical processes. We now discuss how coalescences
between such objects could be detected.
5. DETECTION OF BH-BH COALESCENCES
Advanced LIGO (Harry & the LIGO Scientific Collaboration
2010) and Virgo (Virgo Collaboration 2009) interfero-
metric GW detectors are coming online within a few
years, and are expected to reach design sensitivity by the
end of the decade (LIGO Scientific Collaboration et al.
2013). In addition to improving overall sensitivity
by a factor of ∼ 10 relative to their initial versions
(Abbott et al. 2009; Accadia et al. 2012), these detectors
will also extend the sensitivity to lower frequencies, down
to ∼ 10 Hz, which will allow GW signatures of massive
BH binary mergers to be detected (see Abadie et al.
2012, for upper limits from searches with initial LIGO
and Virgo detectors). Matched filtering against known
templates describing expected signals is the optimal
technique for extracting weak GW signals from noisy
data. Although a network of multiple detectors is
needed to rule out noise artifacts and separate signals
from background, a good rule of thumb for detectability,
which we follow here, is to consider a single detector
and impose a matched-filtering signal-to-noise ratio
(SNR) threshold of 8 as a proxy for detectability by the
network (Abadie et al. 2010).
The detection rate Rd can be expressed in terms of the
merger rate per unit comoving volume per unit time R
as an integral over all possible merger redshifts
Rd =
∫ ∞
0
R(z)dVc
dz
dts
dto
(z)fd(z)dz . (5)
Here the comoving volume of a given redshift slice dVc/dz
is computed (e.g., see Hogg 1999) by assuming WMAP9
parameters ΩM = 0.282, ΩΛ = 0.718, h = 0.697
(Hinshaw et al. 2012). The factor dts/dto = 1/(1 + z)
is the ratio between the clock at the source redshift z,
which measures the merger rate, and a clock at the Earth,
which measures the detection rate. The detection frac-
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tion fd(z) measures the fraction of sources of a given
mass at a given redshift that will be detectable.
The expectation value of the optimal matched filtering
SNR for an overhead, face-on source is given by
SNR2opt = 4ℜ
∫ ∞
0
|h˜(f)|2
Sn(f)
df , (6)
where Sn(f) is the noise power spectral density of
the detector and h˜(f) is the frequency-domain rep-
resentation of a GW signal. For the waveforms h(t),
we use spinning, non-precessing, inspiral-merger-
ringdown effective-one-body waveforms calibrated
to numerical relativity waveforms (Taracchini et al.
2012), specifically their SEOBNRv1 implementation in
the LIGO Scientific Collaboration Algorithm Library
(LIGO Scientific Collaboration & Virgo Collaboration
2013). The waveform is corrected for the redshift z and
its amplitude is inversely proportional to the luminosity
distance to the source, which scales with z according to
the assumed standard cosmology (Hogg 1999). Face-on,
overhead equal-mass binaries with a total rest-frame
mass of 200M⊙ can be detected to a redshift of z ∼ 2
(luminosity distance of ∼ 16 Gpc) if the components
are non-spinning, or z ∼ 2.6 (luminosity distance of
∼ 21 Gpc) if both components have aligned spins with
a dimensionless magnitude of 0.6.
The actual SNR for a binary with a given sky loca-
tion α, δ, inclination ι, and polarization ψ is given by
SNRopt × Θ(α, δ, ι, ψ)/4, where the projection function
Θ is defined in Finn (1996). We compute the fraction
fd(z) by taking into account the (numerically computed)
cumulative distribution function (CDF) of Θ/4, and set-
ting the detectability threshold at an SNR of 8 as follows
(e.g., Belczynski et al. 2013):
fd(z) = 1− CDFΘ/4
[
min
(
8
SNRopt(z)
, 1
)]
. (7)
Under the simplifying assumption that the merger rate
R is constant in redshift, which we use here, Eq. (5) for
the detection rate can be written as
Rd = RV c , (8)
where we have defined the detection-weighted sensitive
comoving volume V c for a given rest-frame mass combi-
nation as
V c =
∫ ∞
0
dVc
dz
fd(z)
1
1 + z
dz . (9)
In Fig. 6 we plot the detection-weighted comov-
ing volume as a function of the total system mass
in the source frame for mass ratios q = 0.5 and
q = 1, and spins that are either zero or both aligned
with the angular momentum, with dimensionless
magnitude 0.6. We use the noise spectral den-
sity of the high-power, zero-detuning configuration
(LIGO Scientific Collaboration & Virgo Collaboration
2011), which corresponds to nominal sensitivity that is
expected for advanced LIGO detectors by the end of the
decade (LIGO Scientific Collaboration et al. 2013). As
expected, we find that when the mass ratio is equal and
the aligned spins are high, signals contain more power
and the sensitive volume is increased.
Fig. 6.— The detection-weighted sensitive comoving volume V c
within which a coalescence could be detected for BH binaries with
total source-frame mass M , mass ratios q = 1 or 0.5, either non-
spinning or with dimensionless spins magnitudes 0.6.
Equation (8) and Fig. 6 allow us to convert a merger
rate into a detection rate. In Section 3.1.3 we obtained
a most optimistic merger rate of 5 × 10−9Mpc−3 yr−1
for BH-BH mergers with total mass above 100 M⊙. The
peak of the total mass distribution for this model ap-
pears at 200 M⊙ and the BHs are of comparable mass.
The weighted detectable volume for Mtot = 200 M⊙ is
6–12× 1010 Mpc3 depending on BH spins, which yields
300–600 detections per year. Our more realistic esti-
mate, which accounts for pair-instability SNe, produces
a merger rate estimate of very massive BH-BH binaries
of 5× 10−11Mpc−3 yr−1, with a predicted detection rate
of 3–6 a year. If we account for potential uncertainties in
CE evolution the merger rate decreases to zero, and no
detections are predicted for very massive BH-BH binaries
in the isolated evolutionary scenario (Model 1).
In Section 3.2 we argued for a plausible order-of-
magnitude formation rate of ∼ 10−8Mpc−3 yr−1 for wide
binaries with 100 M⊙ or more massive BHs. In Sec-
tion 4 we estimated that ∼ 10% of these wide binaries
may merge within a Hubble time due to dynamical in-
teractions with other stars. This yields a merger rate of
∼ 10−9Mpc−3 yr−1 and a corresponding detection rate
of ∼ 100 per year if dynamical interactions are efficient
in forming close very massive BH-BH binaries (Model 2).
We also considered intermediate-mass-ratio binaries of
& 100M⊙ BHs with ∼ 10M⊙ BH companions, and con-
cluded that a formation rate of ∼ 10−9Mpc−3 yr−1 was
plausible from order-of-magnitude arguments. Assum-
ing that such systems can be brought to merge within a
Hubble time by efficient dynamical hardening of the bi-
nary (e.g., Mandel et al. 2008), they can be detected to
z ∼ 0.5, which decreases the sensitive volume by a fac-
tor of ∼ 20 relative to the 100M⊙–100M⊙ case discussed
above. Therefore, up to ∼ 5 intermediate-mass-ratio sys-
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tems formed from very massive stars with lower-mass
companions could be detected per year with advanced
GW instruments.
It is also interesting to compare the population syn-
thesis model predictions with existing upper limits from
initial LIGO and Virgo runs. Their sensitivity to mas-
sive BH binaries was poor because of the high value of
the low-frequency cutoff, so the more interesting exist-
ing LIGO/Virgo constraint will come from BH binaries
with total mass between 50 and 100 solar masses. As
reported in Section 3.1.3, such binaries represent 93% of
our entire close BH-BH population, and this corresponds
to a merger rate of 7 × 10−8Mpc−3 yr−1 for our most
optimistic prediction. These binaries have formed from
stars with initial mass Mzams ≈ 150− 500 M⊙. The ini-
tial LIGO/Virgo upper limits are 1.7× 10−7Mpc−3 yr−1
and 0.9×10−7Mpc−3 yr−1 for equal mass BH binaries in
the mass bins Mtot = 54–73 M⊙ and Mtot = 73–91 M⊙,
respectively (Aasi et al. 2013b). Thus even our most op-
timistic rates do not violate the current upper limits for
BH-BH detection.
Given our predictions of preferentially aligned spins
for isolated binaries and the possibility of spins mis-
aligned with the orbital angular momentum for systems
in which dynamics played an important role, it is inter-
esting to ask how well such systems can be distinguished
based on gravitational-wave observations. Several stud-
ies that considered a few individual events suggest that
at least the spin magnitude of the more massive compo-
nent and the angle between it and the orbital angular
momentum could be measured, especially if this com-
ponent is rapidly spinning, although it may prove dif-
ficult to measure the spin of the lower-mass secondary
(e.g., van der Sluys et al. 2008; Raymond et al. 2010). A
larger study (Vitale et al. 2014) supports this view, and
highlights the improvements to spin measurement when
the binary is nearly edge-on rather than face-on, and
when the angular momentum of the secondary is small,
reducing spin-spin terms. Furthermore, Bayesian model
selection may allow us to determine whether there’s
significant support for precession induced by spin-orbit
misalignment even if individual parameters cannot be
measured precisely (e.g. Aasi et al. 2013a). Unfortu-
nately, the large size of the parameter space makes dif-
ficult a fully systematic study based on astrophysically-
motivated source distributions.
We conclude this section by pointing out the im-
portance of (i) accurate analytical and numerical
modeling of inspiral-merger-ringdown waveforms, since
for massive BH-BH binaries, the SNR accumulates
mostly during the last stages of the binary evolution
(e.g., see Hinder et al. (2013)), and (ii) low-frequency
detector sensitivity in searches for massive BH binaries,
which contribute most of the SNR below ∼ 35 Hz.
The sensitive volume plotted in Fig. 6 assumes that
the predicted high-power, zero-detuning sensitivity
(LIGO Scientific Collaboration & Virgo Collaboration
2011) will be achieved down to 10 Hz, which will require
significant commissioning effort. Meanwhile, third-
generation ground-based detectors such as the Einstein
Telescope (Punturo et al. 2010), with sensitivity down
to a few Hz, will be able to probe such massive BH-BH
binaries to z ∼ 15 (e.g., Gair et al. 2011).
6. DISCUSSION AND CONCLUSIONS
Since GWs from massive BH binaries can be detected
to cosmological distances, we have explored the event
rates for the mergers of these systems. We find that
only low-metallicity environments (Z <∼ 0.1–0.4Z⊙) may
be favorable for the formation of very massive stellar-
origin BHs with mass exceeding 100 M⊙. The formation
of such BHs is possible if (i) the initial mass function
(IMF) extends above 500 M⊙, (ii) pair-instability SNe
do not disrupt all stars above 500 M⊙, and (iii) stellar
winds for such massive stars are not greatly underesti-
mated. The formation of close massive BH-BH binaries
requires that after the main sequence (iv) very massive
stars above 500 M⊙ expand significantly (by more than a
factor of 2), (v) their H-rich envelopes have a mass larger
than 10–100 M⊙, (vi) the evolution of such a binary in-
volves a common envelope phase, and (vii) the binary
can survive the common envelope phase while the donor
star is a very massive Hertzsprung gap star. If conditions
(iv) through (vii) are not met, then isolated binary evo-
lution (i.e., field stellar populations) may produce only
wide massive BH-BH binaries. We point out that even
if these requirements are not met, there are several dy-
namical processes that could lead to efficient lowering
of the coalescence time of wide massive BH-BH binaries
both in dense stellar environments (cluster binary-single
interactions) and in low-density field populations (Kozai
mechanism in triple systems).
The resulting BH-BH merger rates depend sensitively
on the amount of star forming mass with low metal-
licity at redshifts z < 2 (the maximum distance at
which a 100–100 M⊙ BH-BH binary will be detectable
with the advanced LIGO/Virgo network). The amount
of low metallicity star formation in the last Gyr may
have been as high as ∼ 50% of total star formation
(Panter et al. 2008), and may have been even higher at
the redshifts z > 1 that dominate our overall rates. Pop-
ulation synthesis models predict that 75% of the close
massive BH-BH systems merge within 1 Gyr of forma-
tion. Based on simple estimates we find that realistic
advanced LIGO/Virgo detection rates for these massive
BH-BH systems are on the order of a few per year. How-
ever, the large uncertainties that burden our predictions
allow for rates as high as hundreds of detections per year
to as low as no detections at all.
BH-BH systems originating from isolated binaries of
very massive stars would likely have rather large mass
ratios (q >∼ 0.8) and aligned spins. For a core collapse of
a massive star that was spin-aligned with the orbit via
tidal interactions with its companion, and that ejects no
mass and has no linear momentum kick resulting from
the collapse, our strong expectation is that the com-
pact remnant would have a spin aligned with the orbit.
Given our still-rudimentary understanding of core col-
lapses there are of course situations in which this might
not be accurate (e.g., oppositely-directed neutrino jets
on opposite sides of the proto-neutron star could impart
spin angular momentum without imparting linear mo-
mentum), but at present such scenarios seem contrived.
Regular (Mzams < 150 M⊙) stars could not produce bi-
naries with total mass in the Mtot & 100–200 M⊙ range.
Therefore, detections of coalescences between massive,
aligned, rapidly spinning BHs would uniquely identify
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systems originating from isolated binaries of very mas-
sive stars. Such detections would indicate that the stel-
lar IMF extends well beyond previously considered lim-
its, and probably as high as Mzams > 500 M⊙, and
that massive progenitor binaries survive common enve-
lope events even if the donors initiating these events are
still in early evolutionary stages (i.e., on Hertzsprung
gap). This would also argue against models of very mas-
sive stars that predict minimal expansion during post
main-sequence evolution.
If observations show evidence for significant misalign-
ment of BH spins, then either these systems received
kicks via asymmetric neutrino emission or dynamical
processes must have been involved in the formation of
the merging BH-BH system. Moreover, Kalogera (2000)
argued that significant spin–orbit misalignment is un-
likely even with supernova kicks, unless dynamical ef-
fects are involved. This latter scenario would support the
first set of published models of very massive stars that
show no (or very small) radial expansion (Yusof et al.
2013). Alternatively, mergers of intermediate-mass
BHs could be a consequence of dynamical processes in
globular clusters or involving globular cluster mergers
(Fregeau et al. 2006; Amaro-Seoane & Santamaria 2009;
Gair et al. 2011). Regardless, the detection of such sys-
tems would yield valuable information about dynamical
encounters and/or the multiplicity of very massive stars.
If instead we do not detect any massive BH-BH bina-
ries with advanced LIGO/Virgo, any or all of the effects
(i)–(vii) discussed above may have contributed.
When mass is transferred from the secondary to the
primary after the primary has evolved to become a BH,
the binary may be visible as an ultra-luminous X-ray
source (ULX), as the mass loss rate from the massive
secondary can be very high. This stage is likely to be
quite short, given that both companions are assumed to
be massive and will have quite similar lifetimes. If 10%
of all such binaries have a ULX stage lasting 1 million
years—or, equivalently, all binaries have a ULX stage
lasting 100,000 years—the space density of observable
ULXs created through this channel will be equal to the
merger rate times 105 years. Since this is only one of
several channels for creating ULXs, an observed ULX
space density of a few ×10−2 Mpc−3 (Swartz et al. 2011)
yields an upper limit on the massive binary merger rate
of a few ×10−7 Mpc−3 yr−1. This is a factor of several
hundred higher than our very rough estimate of 10−9
Mpc−3 yr−1, so it would be easy to hide the population
of interest among the observed ULXs.
One possible constraint on the population of massive
stars comes from rates of pair-instability supernovae.
If an IMF slope of ∼ −2.5 is extended to arbitrarily
high masses, then ∼ 1% of all stars having a ZAMS
mass above 8M⊙ will have a ZAMS mass above 200M⊙.
Hence, if a significant fraction of very massive stars end
their life in pair-instability supernovae, one might ex-
pect as many as 1% of all core-collapse supernovae to be
pair-instability supernovae. Meanwhile, recent work by
Nicholl (2013) finds that this fraction is no more than
10−4, and may be < 10−5, if the so-called “superlu-
minous” supernovae are inconsistent with expectations
of pair instability supernovae (Nicholl 2013). If pair-
instability supernovae only produce superluminous su-
pernovae, these observations constrain either the num-
ber of massive stars exceeding ∼ 150M⊙ or the mass
range of stars that produce pair-instability supernovae.
In such a scenario, if advanced LIGO/Virgo observes a
large fraction of massive binary BH mergers, it would
place constraints on the pair-instability mechanism and
the mass range for which it occurs. Unfortunately, pair-
instability supernovae seem to be able to produce a wide
range of light curves (Kasen et al. 2011; Whalen et al.
2014) and until these light-curves can be better under-
stood, it will be difficult to make any firm conclusions
using superluminous supernova observations.
In conclusion, advanced LIGO/Virgo detectors are sen-
sitive to the merger of massive BH binaries out to ex-
traordinary distances (z ∼ 2). We argue that the rate
density of these mergers is such that event rates of a few
per year, and perhaps as many as hundreds per year,
are possible given current uncertainties in stellar evolu-
tionary physics. The upper limits or detections expected
from the coming generation of advanced ground-based
GW instruments will provide unique insights into the
evolution of very massive stars.
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